This paper explains the attitude control method for a 50 kg class satellite QSAT. It uses three-axis magnetorquers for control and a gravity-gradient extension boom for enhancement of the attitude stabilization. We divide the mission period into three main attitude-control phases. The first phase refers to the de-tumbling which ends when one particular satellite axis is roughly along the local Earth-pointing direction. In the second phase, we extend the boom. The third phase refers to the normal mission mode, when accurate attitude control will be achieved by means of the magnetorquers. We construct a number of normal-mode control algorithms and evaluate their performances by simulations. We calculate the required control torque by the PD (Proportional-Derivative) control method. The differences of the methods appear in the calculations of the required magnetic moments. In this paper, we simulate the following methods; 1) simplified linearized dynamics equation method, 2) the LQR (Linear Quadratic Regulator) method, and 3) the cross product method which utilizes only data from the magnetometer and the rate gyros. From the simulations, we conclude that "simplified linearized dynamics equation method" is the most efficient method for QSAT.
QSAT
In the northern region of Kyushu Island, we are developing a 50 kg class satellite, which is named QSAT. Kyushu University plays a central role in this development.
This satellite has two primary mission objectives. One is the investigation of the plasma physics in the Earth's aurora zone in order to better understand spacecraft charging. The other is performing a comparison of FAC (Field-Aligned Current) observed in orbit with ground-based observations. 1) This satellite is planned to be launched by the H-IIA rocket as a piggy-back satellite. The orbit depends on the main satellite. It is assumed to be circular, sun-synchronous orbit and its altitude is in the range 600-800 [km].
Attitude requirements
In order to achieve the QSAT mission objectives, this satellite's attitude needs to be controlled within a few degrees relative to the local orbital frame. Rapid changes in the attitude should be avoided, and the absolute value of the rotation rate around the yaw axis (Earth-pointing axis) must be less than 45 degrees over one orbital period.
Attitude units
QSAT uses the 3-axis magnetorquers for control and a gravity-gradient extension boom for enhancement of attitude stabilization. The gravity-gradient extension boom increases its inertia moments along the roll and pitch axes. The yaw axis pointing attitude stability improves because of the gravity-gradient torque. The magnetorquers can generate a magnetic moment by the interaction with the geomagnetic field in response to a control current. This satellite has three magnetorquers and they are oriented along the axes of the Body-Centered Reference Frame (BCRF). Our satellite has limited electrical power and this drives the design. Magnetorquers are suitable for our satellite because they can generate control torques using less electric power than other actuators. Of course, there are other advantages as well, for instance, low cost, simplicity, and easy to handle.
The magnetorquers have already been used as the main actuators for many satellites, such as Ørsted (1999) 2) , WEOS (2002) 3) .
We present practical and effective three-axis control laws that are suitable for low cost small satellites.
The attitude-pointing information comes from two sets of three-axis sun sensors, two sets of three-axis magnetometers, and two sets of three-axis gyro sensors. The attitude is controlled using the attitude determination results based on these sensors measurements. 4) 
Mission phases
We divide the mission period into 3 phases roughly corresponding to the attitude conditions. The first phase refers to the de-tumbling phase. At the end of this phase, the axis along which the boom will be extended is controlled roughly along the local Earth-pointing direction. In the second phase, we extend the boom for passive attitude stabilization. The third phase refers to the normal mission mode, when accurate Earth-pointing attitude will be achieved by means of magnetorquers.
Geometry Definitions
As shown in Fig. 1 , the transformation from the inertial frame with axes (I,J,K) to the orbital frame with axes (x o ,y o ,z o ) is performed by means of the 3-1-3 (, i, u) Euler rotation sequence. In this figure, u means the argument of latitude and is defined by u=+f;  is the argument of perigee and f is the true anomaly. The inclination is i and  means the right ascension of the ascending node. The sequence of transformation from orbital to the BCRF is 3-2-1(). As shown in Fig. 4 ,  is the rotation along the z-axis,  is the rotation along the y-axis, and  is the rotation along the x-axis.
Control Concept
In the de-tumbling phase, we use the B-dot control method. The details of this method and the detailed results have been given in Ref. 5 . By this method, the magnetorquers generate the magnetic moments that have the opposite signs of the time variations in the measured geomagnetic field in the spacecraft body frame. The generated magnetic moments are the specified maximum values (+ or -1.0 [Am 2 ]). As a result, the satellite can reduce its body rates and the rates can achieve the rough Earth-pointing values. Fig. 5 shows the simulation result under worst-case assumptions, for instance, the initial angular rates are all taken as 30 deg/sec after the launcher ejection. Our satellite can de-tumble within 8 hours in this case. In this paper, we focus on the control method of the normal-mode phase. We construct a number of control algorithms and simulate each method. Finally, we compare the results and discuss their merits and demerits.
Control Laws
The core part of each method is identical. We calculate the required control torque by the PD (Proportional-Derivative) control method. This control concept calculates the control torques in proportion to the errors in the angles and the angular rates (relative to the ideal Earth-pointing direction) and reduces these errors. The proportionality coefficients between the errors and the required control torques are called the control gains.
We can calculate the gains by various methods. In this paper, we simulate the following methods; 1) simplified linearized dynamics equation method, 2) LQR (Linear Quadratic Regulator) method, and 3) cross product method.
Simplified linearized dynamics equation
The required control torques are calculated as follows:
with control gains: , , , , ,
We consider only the gravity-gradient disturbance and assume short time intervals and small attitude angles. Also we neglect the coupling terms of (
). The Euler dynamical equations can now be expressed: 6) 2 ( )
T d is the disturbance torque and T c can be expressed by Eq. (1). By these relationships, Eqs. (2) can be simplified as:
The extra parameters in Eq. (3) are defined as follows:
In this case, the transfer function of Eq. (3) is:
Here,
From this result, we can calculate the gains. We consider the critical damping case, which represent the limit of rapid response with no vibration and damping ratios i =1(i=x,y,z). Moreover, we introduce the control period t i (i=x,y,z), the other parameters can be calculated as follows;
 Undamped natural frequency:
We will determine the best control period t i (i=x,y,z) from the simulation results.
From these discussions, the gains are calculated as following equations:
LQR (Linear Quadratic Regulator) method
The LQR (Linear Quadratic Regulator) method can easily establish the optimal feedback gain of the linear system. This theory is concerned with operating a dynamic system at minimum cost. The case where the system dynamics are described by a set of linear differential equations and the cost is given by a quadratic function is called the LQ problem. The LQR is one of the main results in the theory. We introduce the 
The cost function is defined as where Q and R are weighting matrices. Optimizing the function J means that the energy for the control is minimized and the state vector converges to 0 as fast as possible.
The optimal feedback control gain K becomes   u Kx 
. Cross product method
This method utilizes only magnetometer and rate gyros data. The control performance depends on the measured geomagnetic vector relative to the reference geomagnetic vector. This method does not guarantee that the attitude angles converge to zero because the attitude error along the geomagnetic field vector cannot be controlled. However, the attitude angles are expected to approach zero over time because the geomagnetic field vector changes continuously in the body frame even when the attitude is stable.
This method uses the cross product vector c between the measured geomagnetic vector b m in the body frame and the geomagnetic vector b r , referenced by the International Geomagnetic Reference Field (IGRF) model 7) , as the Euler axis direction. When the attitude error angles are small, the direction of c becomes almost the same as the Euler axis.
The c vector can be described as
In this case, if we introduce the measured rates  x  y  z - o   we can calculate the required control torque vector T r by R p r    T K c K  (12) The gains can be calculated in the same way as in section 4.1, because the characteristics are similar.
Conversion of Required Torque to Magnetic Moment
From the required control torque, we can calculate the magnetic moment needed to perform the control. There are a number of ways to convert the required torque into the magnetic moment that can be generated. However, we cannot generate the required torque in general because the torque acts always normal to the magnetic field direction.
Here, we calculate the magnetic moments by the following procedures. The required control torque T R can be calculated by the control law and we can measure the magnetic-field vector (B). Here, we introduce the control torque, which we actually can generate by the magnetorquers, as T can with BT can = 0, MT can = 0. We know both the B and T R vectors and we will calculate T can which is in the plane defined by the vectors B and T R . We define  as the angle between B and T R (with ), see Fig. 6 . 
Pd_45
As seen in Fig. 6 , we use the new Cartesian coordinates with the x axis along the T can vector, the y axis along the magnetic moment vector M and the z axis along the B vector.
The respective unit vectors can be described as:
, , Thus, the T can vector is:
From the magnetorquer equation, the torque that actually can be generated T can can also be described in the following form:
(16) When we take the cross product of B on the left side on both sides of the above expression, we find:
Because we assume that the M is normal to the B-vector, we have M⋅B = 0 in this case. From the above result, we get:
From these discussions we can express the required magnetic moment M in terms of the known B and T r vectors (see Fig. 6 ):
Simulation Environments

Conditions
We assume a circular, sun-synchronous orbit. 
Disturbance torque
We consider worst values of the following disturbances. 
Here, R=R(l,m,n) T is the orbital radius vector in the Body Centered Reference Frame (BCRF). Its origin is the center of the Earth and points to the center of mass of the satellite. The solar radiation pressure torque can be calculated as: Here, c srp is the center of solar radiation pressure in the BCRF and c m is the center of mass. We take 5 [cm] as the distance between c srp and c m . This is the worst-case offset. F s is the solar constant with value 1367.0 [W/m 2 ], A s is the effective area, q is the reflectivity and we choose the worst value 1.0, c is the velocity of light, and r sun is the unit sun vector as seen in the BCRF frame. The vector of the sun is calculated using the VSOP87 (Variations Séculaires des Orbites Planétaires) method. 9) The atmospheric drag torque is calculated from:
Here c a is the center of aerodynamic force and the distance between c a and c m is also taken 5 [cm]. C d is the drag coefficient, ρ is the atmospheric density, and V is the orbital velocity. The atmospheric density is calculated by NRLMSISE-00. (MSISE: Mass Spectrometer, Incoherent Scatter Radar Extended Model)
The remnant magnetic torque can be calculated as:
M d is the effective remnant magnetism of the satellite and the B is the geomagnetic vector and calculated by IGRF method. As seen in these results, we can achieve the target values within about 6 hours by this method.
Simulation Results
No disturbance case
Result 1 Simplified equation method (t=3200 [sec])
Result 2 LQR method
We use the following weighting matrices in this case. The Q matrix has only diagonal terms and these terms are given by these values. By the LQR method, we can achieve the target values within about 7 hours. The rough control trends are almost the same as the simplified equation case. However, this method adds too much control torque for pitch at the beginning of control. We can achieve the target values within 16 hours by this method. The results show considerable vibrations. The control performances seem to be worse than the other methods.
Result 3 Cross product method (t=3000[sec])
Disturbances case
In this section, we consider all disturbances. We know the remnant magnetism roughly from ground-based measurement. Therefore, we can negate the remnant effect by generating the opposite magnetic moments of the remnant magnetism. In these cases, we set the remnant magnetism as (-0. In this case, the rough trends are the same as the no disturbance case. However, the vibration terms caused by the disturbances appear in all results. These vibrations lead to angular errors of about -1.0 to 1.5 [deg] . The largest error appears in the pitch axis.
Result 2 LQR method
We use the same weighting matrices as the no disturbance case. We can achieve the target values within about 15 hours in this method. However, the best control period change becomes twice as large as in the no disturbance case.
Conclusion
From the simulation results, we find that the simplified equation case gives the best results. The main reason is that this method has a good tolerance for disturbances. In addition, the required control time by this method is the shortest.
